In edge colouring it is often useful to have information about the degree distribution of the neighbours of a given vertex. For example, the well known Vizing's Adjacency Lemma provides a useful lower bound on the number of vertices of maximum degree adjacent to a given one in a critical graph. We consider an extension of this problem, where we seek information on vertices at distance two from a given vertex in a critical graph. We extend and, simultaneously, generalize to multigraphs two results proved, respectively, by L. Zhang [Every planar graph with maximum degree seven is Class 1, Graphs and Combinatorics (2000) 
Introduction
In this note all graphs considered are finite and may contain multiple edges but not loops. The term "graph" will be used here as a synonym of "multigraph". A simple graph contains neither loops nor multiple edges. We denote the degree of a vertex x in a graph G by d(x). The vertex set, edge set and maximum degree of G will be denoted by V (G), E(G) and ∆(G), respectively. If S ⊆ V (G), by N (S) we denote the set of vertices of G which are adjacent to at least one vertex in S. If x, y are vertices, we adopt the simplified notations N (x) and N (x, y) instead of N ({x}) and N ({x, y}), respectively. If e is an edge in G which joins the vertices x and y, we denote this by e = xy. The number of edges joining x and y in G will be denoted by µ(xy) and called the multiplicity of xy. The maximum multiplicity of all edges of G will be denoted by µ(G). For standard graph theoretic terminology, not explicitly introduced here, we refer the reader to any introductory book on graph theory such as Chartrand and Lesniak [4] .
An edge colouring of a graph G is a map ϕ : E(G) → C, where C is a set (called the colour set), and ϕ(e 1 ) = ϕ(e 2 ) for any pair (e 1 , e 2 ) of adjacent edges of G. The chromatic index of G, denoted by χ (G), is the minimum size of a colour set in an edge colouring of G. If |C| = χ (G), we say that ϕ is an optimal colouring.
It is easy to see that χ (G) ≥ ∆(G) for any graph G. Vizing [9] proved that every graph G satisfies χ (G) ≤ ∆(G) + µ(G). If χ (G) = ∆(G), we say that G is Class 1 and, otherwise, we say that G is Class 2. An edge e ∈ E(G) is said to be critical if χ (G − e) < χ (G). The graph G is said to be critical if it is connected, Class 2 and all its edges are critical.
If α is a colour, and a vertex v is incident with an edge coloured α, we say that v sees α, or that α is present at v, and, otherwise, we say that v is missing α. If α and β are two distinct colours and φ is a (possibly partial) edge colouring of a graph G, the spanning subgraph of G whose edges are coloured α or β will be called the (α, β)-subgraph of G. Clearly the connected components of the (α, β)-subgraph of G are non-empty paths, even cycles or single vertices. In particular, if α is missing at a vertex x and β is present at x, the connected component of the (α, β)-subgraph of G containing x is a non-empty path having x as an endvertex. By exchanging α and β at x we shall understand the process of inverting the colours of the edges of such a path, i.e. recolouring α those coloured β and β those coloured α. Clearly this process generates a new edge colouring, where x is now missing β and seeing α. We shall refer informally to this process in the sequel as "exchanging colours". For a comprehensive introduction to edge colouring we refer the reader to Fiorini and Wilson [5] , whose notation and terminology will be assumed.
Vizing [10] proved that every Class 2 graph G contains a subgraph H which is critical and satisfies χ (G) = χ (H). Hence it is interesting to study the structure of critical graphs, as they can reveal important information about arbitrary graphs. Let G be a graph and let e ∈ E(G). We want to formally define the intuitive notion of "colouring G − e optimally and leaving the edge e uncoloured". Accordingly, we define a tense colouring with respect to the edge e of G (or simply e-tense) to be a map φ :
(b) the map φ 1 : E(G)\{e} → C defined by φ 1 (e) = φ(e) for any e ∈ E(G)\{e} is an optimal edge-colouring of G − e.
The colour set of the tense colouring φ is defined to be C (i.e. ∅ is not considered to be a colour). Notice that, by (b), we have |C| = χ (G − e).
The principal result concerning the structure of critical graphs was proved by Vizing himself [10] , and is generally known as Vizing's Adjacency Lemma.
Theorem 1 Let G be a critical simple graph and let e = xy ∈ E(G). Then x is adjacent to at least ∆(G) + 1 − d(y) vertices of maximum degree and different from y.
In [2] we generalized Vizing's Adjacency Lemma to multigraphs (in a way which is stronger than all other existing generalizations) by proving the following.
Theorem 2 Let G be a Class 2 multigraph with a critical edge e = uv, and
Theorem 2 has been further generalized by the author in a forthcoming paper [3] .
Notice that, by Theorem 1, if G is a critical simple graph and xy ∈ E(G), Theorem 4 Let G be a critical simple graph and let xy ∈ E(G), where
. Then x is adjacent to at least ∆(G) − d(y) + 1 vertices z satisfying the following: z = y; z is adjacent to at least
and if z is not adjacent to y, then z is adjacent to at least
Theorem 3 and Theorem 4 are somehow more informative than Vizing's Adjacency Lemma, as they both reveal information on vertices at distance 2 from a given vertex in a simple critical graph. That this information can be sometimes very useful is apparent e.g. from the fact that both results, as shown, respectively, by Zhang [11] and Sanders and Zhao [8] , can be used to prove an important theorem in edge colouring, namely that all planar graphs with maximum degree 7 are Class 1. We shall not be concerned with the proof of this fundamental theorem here. Instead, we shall aim to obtain a unified, comprehensive formulation of a more general result than Theorem 3 and Theorem 4, which applies both to simple graphs and multigraphs. This result will also show the close similarity between Theorem 3 and Theorem 4, which is perhaps not obvious from their different hypotheses and formulation. Our result is the following.
Theorem 5 Let G be a Class 2 multigraph with a critical edge e = xy. Then x is incident with at least χ (G) − d(y) edges f not incident with y such that, if f = xz, then z is incident with at least 2χ (G) − d(x) − d(y) edges g such that, if g = zt and t = x, y, then t has degree
Not only our proof is rather compact, it is also considerably shorter and simpler than the proof of Theorem 3 given by Zhang in [11] and of comparable length, but simpler and more general, than the proof of Theorem 4 given by Sanders and Zhao in [8] .
Since, by Vizing's Theorem, χ (G) = ∆(G) + 1 if G is a critical simple graph, it is easy to see that Theorem 5 generalizes Theorem 4. We now show that Theorem 5 also generalizes Theorem 3.
Proposition 1 Theorem 5 implies Theorem 3.
Proof. Let G be a critical simple graph and let xy ∈ E(G), with d(x) + d(y) = ∆(G) + 2. By Theorem 5, x is adjacent to at least
vertices z different from y (i.e. the totality of its neighbours except possibly y) which are adjacent to at least
vertices of G, i.e. they are of maximum degree. By symmetry and by the arbitrariety of z, this proves Theorem 3(a).
Assume
vertices z different from y such that z has degree ∆(G) and, for any neighbour t of z different from x or y, t has degree ∆(G). By symmetry, the same holds with x replaced by y, thus proving Theorem 3(c).
Assume now that d(x) = ∆(G). By Theorem 5, all the neighbours z of x different from y have degree ∆(G), and, for any neighbour t of z different from x or y, t has degree at least ∆(G) − 1. This proves Theorem 3(b).
2
Notice that Theorem 5 contains the following extension of Theorem 3 and Theorem 4 valid for simple graphs.
Corollary 1 Let G be a critical simple graph and let xy ∈ E(G). Let d(x) < ∆(G), and let d(y) = ∆(G). Then x is adjacent to at least one vertex z = y such that z is adjacent to at least ∆(G) − d(x) vertices different from x and y of degree at least ∆(G) − d(x) + 2, and if zy / ∈ E(G), then z is adjacent to at least
We shall need the following two lemmas. The first lemma is an immediate consequence of a much more general result proved by L.D. Andersen [1, Lemma 1] and, independently, M.K. Goldberg [7, Corollary 1] , but may also be easily deduced directly using the standard notion of fan (see e.g. [2] for a recent study of the concept of fan).
Lemma 1 Let G be a Class 2 multigraph and let e = xy be a critical edge. Let φ be an e-tense colouring of G. Let α ∈ C be a colour missing at y. Then (a) There is an edge f = xz, where z = y, coloured α; (b) z sees every colour missing at x or at y.
Lemma 2 Let G be a Class 2 multigraph with a critical edge e = xy, and let φ be an e-tense colouring of G. There does not exist a path yxzw in G with the following properties:
(a) xz is coloured with a colour missing at y and at w; (b) zw is coloured with a colour missing at x.
Proof. For, otherwise, letting α = φ(xz) and β = φ(zw), the edge e can be coloured α, the edge xz can be recoloured β and the edge zw can be recoloured α, contradicting the criticality of the edge e. 2
A path with the properties of the path yxzw in Lemma 2, will be called a recolourable path. Thus Lemma 2 says that there can be no recolourable path yxzw in a Class 2 multigraph G if xy is a critical edge. In the next section we prove Theorem 5.
Proof of the main theorem
We are ready to prove Theorem 5. Proof of Theorem 5. Let φ be an e-tense colouring of G. Let α be a colour missing at y. Then there is an edge f = xz, z = y, coloured α by Lemma 1(a). Let β = α be a colour missing at x or at y. Then β is present at z by Lemma 1(b). Let f = zw be the edge at z coloured β. Assume w = x, y. Suppose now that w is missing a colour γ which is missing at x or at y. We distinguish two cases. Case 1: χ (G) − d(x) > 1. In this case x is missing at least two colours under φ. Assume first that β and γ are both missing at x. Exchanging α, γ along the path starting at x (which must necessarily terminate at y) we obtain a colouring φ with respect to which yxzw is a recolourable path, contradicting the fact that the edge xy is critical.
If β is missing at x and γ is missing at y, let δ = β be a colour missing at x. Exchanging γ with δ we obtain a colouring φ under which β and γ are missing at x, which is a case already proved to be contradictory.
If β is missing at y and γ is missing at x, exchanging β, γ we reduce this case to the case above, which is contradictory.
Finally, if β, γ are both missing at y, exchanging δ, γ we reduce this to a case already considered, so that in all cases we have a contradiction.
This proves that γ cannot be missing at w in φ. Hence w sees all the colours missing at x or at y, which are easily seen to be 2χ (G) − d(x) − d(y). This proves that w has degree at least 2χ (G) − d(x) − d(y). Case 2: χ (G) − d(x) = 1. Arguing as above, we may now assume that w is missing two distinct colours γ, δ, which are missing at x or at y.
By possibly exchanging at x colour γ with a colour missing at x, we can ensure that x is missing colour γ. Then, exchanging α and γ at x, we obtain a colouring under which the edge xz is coloured γ and w is still missing γ and δ, with zw still coloured β and x missing α and y missing γ.
By possibly exchanging α and δ at x we can guarantee that δ is missing at x. Then, exchanging (if necessary) δ and β at x we create a colouring φ under which the path yxzw is a recolourable path, contradicting the statement of Lemma 2.
